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REDUCIBILITY OF POINTLIKE PROBLEMS 


J. ALMEIDA, J. C. COSTA, AND M. ZEITOUN 

Abstract. We show that the pointlike and the idempotent pointlike 
problems are reducible with respect to natural signatures in the follow¬ 
ing cases: the pseudovariety of all finite semigroups in which the order 
of every subgroup is a product of elements of a fixed set tt of primes; 
the pseudovariety of all finite semigroups in which every regular 3-class 
is the product of a rectangular band by a group from a fixed pseudova¬ 
riety of groups that is reducible for the pointlike problem, respectively 
graph reducible. Allowing only trivial groups, we obtain oj-reducibility 
of the pointlike and idempotent pointlike problems, respectively for the 
pseudovarieties of all finite aperiodic semigroups (A) and of all finite 
semigroups in which all regular elements are idempotents (DA). 


1. Introduction 

For a pseudovariety V of semigroups, the effective computation of V- 
pointlike subsets of finite semigroups intervenes in the solution of various 
decision problems. One famous example is the case of G-pointlike sets, where 
G is the pseudovariety of all finite groups, for which a concrete algorithm 
was proposed by Henckell and Rhodes m and later proved by Ash [n]. It 
was conceived as a successful tool to effectively decide whether a finite semi¬ 
group divides the power semigroup of some finite group (see [201 [H] for a 
history of the problem). The computation of V-idempotent pointlikes sets in 
turn yields easily a solution of the membership problem for pseudovarieties 
given by Mal’cev products of the form W© V, provided membership in W 
is decidable m Proposition 4.3]. 

The computation of pointlike and idempotent pointlike sets has been car¬ 
ried out for several pseudovarieties. A general approach for obtaining theo¬ 
retical computability was devised by Steinberg and the first author through 
tameness [U [TO]. The idea is that there is an obvious semi-algorithm to 
generate subsets of a given finite semigroup that are not V-pointlike (re¬ 
spectively not V-idempotent pointlike), provided V is decidable. To gen¬ 
erate the favorable cases, one needs witnesses in the profinite semigroup, 
namely pseudowords that evaluate to the given elements in the semigroup 
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and are equal over V. The essential property for tameness is reducibility, 
which means that such witnesses may be found among pseudowords of a re¬ 
stricted, effectively enumerable form, such as w-words; more generally, terms 
in an implicit signature should be taken. This general approach may and has 
been considered for arbitrary finite systems of equations, the cases of point¬ 
like and idempotent pointlike sets corresponding respectively to systems of 
the forms xi = ■ ■ ■ = Xn and xi = ■ ■ ■ = Xn = x"^. 

In this paper, we show that the reducibility property holds for pointlike 
and idempotent pointlike problems for certain pseudovarieties under simple 
assumptions. The two cases that we consider here are the pseudovarieties 
of the form G^r, of all finite semigroups whose subgroups have orders whose 
prime factors belong to the set vr of primes; and the pseudovarieties of the 
form DOnH of all finite semigroups in which all regular 3-classes are products 
of rectangular bands by groups from the pseudovariety H. In both instances, 
the case where all subgroups are trivial is of interest and represents, respec¬ 
tively, the pseudovarieties A, of all finite aperiodic semigroups, and DA, of 
all finite semigroups in which all regular elements are idempotents. 

2. Preliminaries 

The reader is referred to the standard bibliography HI [23] on finite semi¬ 
groups for undefined terminology and background. 

By an implicit signature we mean a set a of pseudowords (also called 
implicit operations) over the pseudovariety S of all finite semigroups, that 
is, elements of some finitely generated free profinite semigroup the 

only requirement being that binary multiplication is one of them. Since all 
implicit signatures are assumed to contain binary multiplication, we omit 
reference to it when describing implicit signatures. By definition, pseu¬ 
dowords have a natural interpretation in every finite (whence also in every 
profinite) semigroup, so that every profinite semigroup has a natural struc¬ 
ture of cr-semigroup. The cr-subalgebra of generated by A is denoted 
n^S. Examples of implicit signatures are given by w, consisting of the unary 
operation w-power and k, consisting of the unary operation (w — l)-power 

LO—1 

A subset P of a finite semigroup S is said to be pointlike with respect to a 
pseudovariety V if, for every onto continuous homomorphism (p : flyiS —)• S', 
there is a subset P' of such that p{P') = P and py{P') is a single- 
ton [3], where pv • —)■ denotes the canonical projection from the 

free profinite semigroup to the relatively free pro-V semigroup. An equiva¬ 
lent formulation in terms of relational morphisms and further discussion on 
the interest of this notion can be found in [23]. A simple and fruitful inter¬ 
pretation in terms of formal languages has been formulated and established 
in [3]. The set of all nonempty V-pointlike subsets of S constitutes a semi¬ 
group under set multiplication and is denoted lPv(*S'). The semigroup of all 
nonempty subsets of S will be denoted by T(5). The problem of computing 
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V-pointlikes is said to be a-reducible for an implicit signature cr if the above 
set P' can always be chosen to be a subset of 

As shown in [9], under suitable additional assumptions, the K-reducibility 
of the pointlike problem implies its algorithmic solution. However, the re¬ 
sulting algorithm is merely theoretical and completely impractical. In the 
case of the pseudovariety A, a structural algorithm for computing pointlike 
sets of finite semigroups has been obtained by Henckell m- Generalizations 
and more transparent and shorter proofs can be found in m and in [22] 
(the latter paper being based on the interpretation of pointlike sets from [3] ). 
Algorithms with the same flavor have been obtained in [7| for the pseudova¬ 
rieties J and R. Similar techniques to the ones developed in [ 22 | have been 
applied to show that the pointlike sets of size 2 of the pseudovariety DA are 
also effectively computable [ 2 T] . 

Henckell’s algorithm actually intervenes in the proof of K-reducibility for 
the A-pointlike problem presented in Section [3] in the form of the extension 
obtained in m- Also essential in our treatment of idempotent pointlike sets 
in the aperiodic case is Henckell’s result that every A-idempotent pointlike 
subset of a finite semigroup is contained in some A-pointlike set that is 
idempotent m- The extension of this result to pseudovarieties of the form 
A © V is also attributed to Henckell in m Theorem 4.5]. 

3. Reducibility of A-pointlike sets 

Given a set vr of primes, its complement in the set of all primes is de¬ 
noted vrh A TT-group is a finite group whose order factors into primes from tt. 
The pseudovariety of all finite 7 r-groups is denoted Gtt- For a pseudovariety 
H of groups, H stands for the pseudovariety consisting of all finite semigroups 
all of whose subgroups lie in H. Note that Gg = A. 

Since the additive semigroup of positive integers Z_|_ is free, its profinite 
completion Z_|_ is a free prohnite semigroup. For v G Z+ and an element s 
of a prohnite semigroup S, denote by s'^ the image of ly under the unique 
continuous homomorphism Z_|_ —S that maps 1 to s. 

In case vr = 0, we let Ptt = w -|- 1. Otherwise, let be any accumulation 
point of the sequence {{pi ■ ■ ■ Pn)^')n in where pi,P 2 ,... is an enumera¬ 
tion of the set vr, possibly with repetitions. In case vr consists of all primes, 
it is easy to see that = to. Note that Gj^ is dehned by the pseudoidentity 
x’^'^ = while Gtt' is dehned by = 1. Denote by the implicit 

signature obtained by enriching the signature k with the operations x^, if it 
is not already expressible by an w-term, whenever there exists k G Z+ such 
that k{p + 1) = jy-,^ — 1. In particular, one can easily check that k coincides 
with both K 0 and if vr consists of all primes. 

A subset of iP(5') is said to be downward closed if, whenever it contains P 
and Q C P, it also contains Q. For a subset P of a hnite semigroup S, we 
denote by P“+* the set P‘^ Un>i Given a set of primes vr and a semi¬ 
group S, we dehne CfP 7 r(<S') to be the smallest downward closed subsemigroup 
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of IP(S') containing all singleton subsets of S and which contains P‘^+* when¬ 
ever it contains an element P which generates a cyclic vr'-subgroup of 1P(5'). 
It follows from m Theorem 2.3] that the equality ClPjr(5') = IP^(S') holds 
for every finite semigroup S, which implies that IP^(S') is computable in 
case TT is a recursive set of primes. The following theorem strengthens the 
easy direction of this result, showing not only that elements of CT 7 r(S') are 
GTr-pointlike subsets, but also that this can be witnessed by ^jr-terms. 

Theorem 3.1. Let tt he a set of primes and let ip : flyiS S he a continuous 
homomorphism onto a finite semigroup. Then every P € ClPjr('S') has the 
following property: 

there exists a function ap : P such that the equality 

: ' ' if ap = idp holds and p^ap is constant. 

Proof. To prove the theorem, we proceed by induction on the construction of 
the semigroup ClPjr(«S') that is immediately derived from its definition. At the 
base of the induction, we take the subset of IP(S') consisting of the singleton 
subsets of S, for which property (13.ip obviously holds, as the restriction of ip 
to QffiS is onto. For the induction steps, we need to distinguish three types 
of transformations on subsets of S. 

For taking subsets, it suffices to observe that, if Q C P, ap verifies (13.11) . 
and ag is taken to be the restriction of ap to Q, then ag verifies (13.11) for 
Q in the place of P. 

For taking products, suppose that P,Q£ TPiF) are such that ap and ag 
verify the corresponding properties (13.11) for P and Q. Let R = PQ and 
define ap : R —>■ QffiS by letting, for r G R, aR{r) = ap{p)ag{q) where 
r = pq is any chosen factorization of r with p G P and q G Q. Given r G R, 
consider its chosen factorization r = pq with p G P and q G Q. Then we 
have 

T{aR{r)) = ip{ap{p)ag{q)) = ip{ap{p))ip{ag{q)) = pq = r. 

Similarly, one shows that p^ap is a constant mapping. This shows that R 
also has property (13.11) . 

Finally, suppose that P is a subset of S for which there is a function 
ap satisfying property (13.11) and such that P generates a cyclic vr'-subgroup 
of T(S). Let Q = P^+* and note that Q = IJ^=i for some m. 

By the assumption that the cyclic subgroup of TPS') generated by P is a 
vr'-group, the equality P'^’" = P holds. Hence, there is some p G Z_|_ such 
that r'TT — 1 = k{p + l), where k denotes the order of the vr'-group generated 
by P. This implies that the unary operation belongs to Kt^. 

Note that P^ is a subsemigroup of S. Given p G P, since p G P^^+^ for 
every ^ > 0, there exists a factorization p = qi ■ ■ ■ qip', where each qi G P^ 
and p' G P. Ghoosing I = |P^| -|- 1, there are integers i and j such that 
1 < f < J < ^ such that qi ■ ■ ■ qi = qi ■ ■ ■ qj. Hence, there are factorizations 

p = qi---qi- {qi+i ■ ■ ■ qjT • qj+i • • • qip' = s-e-t, 
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where s = si ■ ■ ■ e = = ei • • • e/c, and t together with all Sm and all 

belong to P. Having chosen such a factorization, we now define 

Pip) = apisi) ■ ■ ■ apisk) (ap(ei) • • • apick))^apit). 

Note that Pip) is given by a KTr-term. Moreover, we obtain the equalities 
piPip)) = Si • • • Sfc(ei • • • ek)^t = se^t = set = p, 

P^il^ip)) = P^iapip))’'^^^^^ = P^iapip))''^ =P^(ap(p)r- 
It follows that we may assume that the function ap is such that the constant 
value of p^ap is an idempotent /. This entails that, for the function apn 
defined on according to the product case of the induction, the composite 
p^apn still has the same constant value /. Hence, we may extract from the 
relation U™=i ^ function apcj+* which has the required property (13.11) for 
P‘^+*, This concludes the inductive step and the proof of the theorem. □ 

Corollary 3.2. If vr is an arbitrary set of primes, then the pseudovariety 
Gtt is -reducible for pointlike sets and also -reducible for idempotent 
pointlike sets. In particular, A is K-reducible for both pointlike sets and 
idempotent pointlike sets. 

Proof. Recall that by [13 Theorem 2.3], the equality ClP 7 r('S') = IP^(S') 
holds for every finite semigroup S. The result for pointlike sets then follows 
directly from Theorem 13.11 For idempotent pointlike sets, it suffices to 
invoke, additionally, m Theorem 4.5] since A©G 7 r = G^. □ 

4. Reducibility of DA-pointlike sets 

For the pseudovariety DA, the proof below of K-reducibility of the point¬ 
like problem is inspired by |3 Lemma 5.10]. It is of a more syntactical nature 
than the proof of Theorem 13.11 using central basic factorizations as intro¬ 
duced in [2]. A further parameter that we proceed to introduce plays a key 
role. Given u E HuS, there may or may not be a central basic factorization 
of the form u = uqUo ' '“o ' c(u) = c(uo) W {oo} = ciu'^) l±) {6o}- 

We are interested in iterating such a factorization on the middle factor Uq 
while it is possible to do so without reducing the content, that is, while 
c(uq) = c(u). The supremum of the number of times we can keep iterating 
such a factorization on the middle factor is denoted |]n||. 

Theorem 4.1. Let H 6e o pseudovariety of groups and suppose that uq is 
an implicit signature such that the H-pointlike problem is ao-reducible. Let 
V = DO n H and let cr — ctq U Suppose S is a finite semigroup, 

ip : S is an onto homomorphism, and {si, ... ,s„} is a \/-pointlike 

subset of S. Given ui,.. . ,Un E such that ip{ui) = st (i = 1,... ,n) and 

(4.1) Py{ui) = ■ ■ ■ = py{un), 
there exist wi,... ,Wn G such that 

(4.2) ip{wi) = Si (i = 1,..., n) and pv{wi) = ■■■ = p\/{wn). 
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For shortness, we say that the n-tuple (wi,..., Wn) of cr-terms is a (V, cr)- 
reduction of {ui,... ,Un) if it satisfies property (j4.2j) . 

Proof. Without loss of generality, we may assume that S has a content 
function, that is that the content function c : y{A) factors through ip. 

Note that, by (j4.ip . we must have c{ui) = • • • = c{un). 

We show by induction on |c(ui)| that the Ui may be replaced by A-terms 
Wi satisfying properties (j4.2jl . The case c(tti) = {a} is rather easy. Indeed, 
in case ui is a finite word, by (|4.1I) so are all Ui and, therefore, they are cr- 
terms. Otherwise, for each i, we have Ui = aPui. As (BIl) entails Ph(^i) = 
■ ■ ■ = there exists an (H, cJo)-reduction of (rti,... ,Un). 

Then, Wi = aPw[ (i = 1,..., n) defines a (V, cj)-reduction of (tti,..., Un). 

Suppose that the claim holds whenever |c(ui)| < K and suppose an in¬ 
stance of the problem is given in which |c(tCj)| = K. Factorize Ui as 

(4.3) Ui = upoaoUipai ■ ■ ■ Ui^m ■ u'i i ■ hiu'li ■ ■ ■ 

where c{ui) = c{ui^p) 1+1 {op} = c{u'l^ 0 {bg} {p,q = 0,... ,1). We take here 
I to be arbitrary if ||rii|| = oo or / = ||rtj|| otherwise. By (14.11) and using [2], 
we deduce that the ||ttj|| are the same for all i and, moreover, the sequences 
of markers oq, oi,...,and bo,bi,... ,bi are also the same for all i and V 
satisfies each of the following pseudoidentities for all i,j £ {1 ,... ,n} and 
p£{0,...,l}: 

Ui^p = Uj,p, = Uj^i, Uip = Ujp 

By construction, |c(rti^p)| = \c{u'fp)\ = |c(rti)| — 1 and so, by the induc¬ 
tion hypothesis, for each p there exist (V, cT)-reductions {wi^p,... ,Wn,p) of 
(ui,p,..., Un,p) and {w'lp,..., w'f^p) of «p,...,p). 

We next distinguish two cases. In the first case, we assume ||ui|| < co. By 
the choice of I = ||rti|| = ||tti||, either |c(ti';)| < |c(tti)| or there is a factor¬ 
ization of u '-1 of one of the forms ax/3 or ayl3x'y with c{u '-;) = c{a) W {x} = 
c{/3) tbi {x} or = c{ay/3) l±l {x} = c{f3x'^) l±) {y}, respectively. More¬ 

over, the same case occurs for all i G {!,...,n} and the factors in the 
same positions must have the same value under the projection pv Apply¬ 
ing the induction hypothesis again to each of the factors of the u'- ^ thus 
determined, we deduce that there exists a (V, uj-reduction J of 

i). One may then verify that, taking 

Wi = WiflOoWipai ■ ■ ■ wpiai ■ w'i i ■ biw'li ■ ■ ■ biw'lihQWi Q 

defines a (V, uj-reduction {wi ,..., Wn) of the original n-tuple (ui,..., n„). 

It remains to handle the case where ||ni|| = oo. Consider, for each I, the 
n-tuple of pairs of 5 x 5 

{ip{wifiaoWipai ■ ■ ■ wpiai), p{biw'li ■ ■ ■ biw'l^how'lQ)) (i = 1 ,..., n). 

Since S is finite, there are indices k and I such that k < I and the n-tuples 
corresponding to these two indices coincide. Thus, for every z = 1,..., n, we 
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have 


— Lp{Wifl(lQWi^\(l\ • • • • • • Wi^ldl)') 

— ip{Wi^Q(lQWi^\(l\ • • • • • • Wi^lCll) ), 

and, similarly, 

‘Pihw'lk ■ ■ ■ biw'hbowlo) 

= ^{{hw'li ■ ■ ■ bk+iwlf,^^Ybkwlj, • • • biwl^bowlo). 

Let {w[ 1 ^,... ,w'^ j.) be an (H, cj)-reduction of {u[ ... ,u'^ f^). Note that 

since S is assumed to have a content function, the content of w'- ^ is the 
same as that of Take 

— Wi^QdoWi^idi ■ ■ ■ Wi^kO‘k{'^i,k+lO‘k+l ‘ ‘ ‘ Wi^ldl) 

• w'i^k ■ ibiw'h ■ ■ ■ bk+iw'lk+iTbkWi i, ■ ■ ■ biw'hbow'lo- 

Then again one verifies that (rci,..., Wn) is a (V, (T)-reduction of the original 
n-tuple (ui ,... ,Un)- □ 

Corollary 4.2. If the pseudovdriety of groups H is a-reducible for the point¬ 
like problem, then V = DOflH is a \J{d^}-reducible for the pointlike problem. 

Proof. Let 5 be a finite semigroup and let {si,..., s,i} be a V-pointlike sub¬ 
set. Fix an onto homomorphism (f : S. By a general compactness 

result [3] there are ui,...,Un G such that ip{ui) = Si {i = l,...,n) 
and p\/{ui) = • • • = p\j{un). The result now follows immediately from The¬ 
orem 14.11 □ 

The same approach allows us to deal with idempotent pointlike sets. How¬ 
ever, a stronger assumption is needed on the pseudovariety of groups H. Re¬ 
call that a system of equations may be associated with a directed graph T 

by viewing both vertices and edges as variables and assigning to each edge 
y 

X ^ z the equation xy = 2 . For such a system, we may consider eonstraints 
in a finite semigroup, given by a function if : T ^ S. Given a continuous 
onto homomorphism (p : flyiS S, a \/-solution of a thus constrained sys¬ 
tem is a function 7 : F —such that ip{^{x)) = ip{x) for every x € F 
and the pseudoidentity ^{x)^{y) = 'j{z) holds in V for every edge x ^ z. A 
pseudovariety V is said to be a-reducible for systems of graph equations, or 
graph a-reducible for shortness, if every constrained system of equations as¬ 
sociated with a finite directed graph F that admits a V-solution also admits 
a V-solution 7 : F —> H^S. 

Theorem 4.3. Let H be a pseudovariety of groups that is graph aQ-reducible. 
Let V = DO n H and let a = a^U Suppose S is a finite semigroup, 

ip : OyiS S is an onto homomorphism, and {si,..., is a \/-idempotent 
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pointlike subset of S. Given ui,...,Un € such that (p{ui) = Sj (i = 
1 ,.. . ,n) and 

pv(tti) = ■ • • = pv{un) = Pv{ul), 
there exist wi,... ,Wn G such that 

ip{wi) = Si {i = l,...,n) and pv{wi) = ■■■ = p\/{wn) = Pv{wl). 

Proof. The proof follows the same lines as that of Theorem 14.11 We only 
mention in detail the necessary adaptations. First, the hypothesis that the 
py{ui) are (the same) idempotent implies that ||tii|| = oo, which restricts 
the type of cases that need to be considered in the main induction step. 
However, the induction argument does not reduce the idempotent pointlike 
problem to the same problem on smaller content, but rather to the pointlike 
problem, which has already been treated in Theorem 14.11 This is why we 
need to assume again that the H-pointlike problem is uo-reducible. 

The other point where a modification is needed is when handling the 
construction of the u-terms w[ Since the singleton subsets {a} of A* are 
recognizable, by replacing 5 by a suitable finite semigroup, we may assume 
that = {a} for every a € A. By assumption, we know that, for 

each i G {1,..., n}, the following pseudoidentity holds in H: 

UifiUo ■ ■ ■ Ui^p^Ok ■ Ui^p, • b^Ui f. ■ ■ ■ boUi Q — 1 . 

Consider the directed graph T with n cycles of length 4A; + 5 based at the 
same vertex, where the ith cycle has successive edges 

Xi,o, yi,o,Xi^k,yi,k, Zi,y'lp,, x'Ip,, ..., y"o, 

The corresponding system of equations is constrained as follows. The edge 
constraints are given by: 

= <p{aj), 

i’ix'lj) = Hv'lj) = P{bj), 

For the vertex constraints, we may take an arbitrary constraint s at the 
common vertex vq of the n cycles and then take for the constraint of any 
other vertex v the product of s by the constraints of successive edges of the 
unique path leading from uq to u. 

An H-solution of the above system is obtained by assigning to the edge 
variables the values given by 

Xij eA Uij, yij i-A aj, x'lj hA u'G, y'G i-a bj, Zi i-A 

as well as adequate values to the vertex variables. Since H is graph uo- 
reducible by hypothesis, the above constrained system admits a solution 
7 : F ^ We use 7 to define 

Wij = 'jixij), w'lj = 7(x'C), Wi,k = lizi)- 
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Finally, we let 

IPi — • • • Wi^lCLl) 

■ w’i^k • {biw'li ■ ■ ■ bk+iwlk+iTbkw'lk ■ ■ ■ biw'l^bow'lo. 

Then, each py{wi) is a group element and it must in fact be an idempo- 
tent because 7 is an H-solution of the system determined by the graph F. 
Moreover, ip{wi) = (p{ui) because of the choice of the pair k, I and of the con¬ 
straints on the edges of F. Hence V is cr-reducible for idempotent pointlike 
sets. □ 

Corollary 4.4. If the pseudovariety of groups H is graph a-reducible, then 
V = DO n H is ail {J^}-reducible for the idempotent pointlike problem. □ 

The case of DA has deserved the most interest among the pseudovarieties 
of the form DO fl H. 

Corollary 4.5. The pseudovariety DA is u-reducible both for the pointlike 
and idempotent pointlike problems. □ 

It is natural to expect that the essential ingredients in the proof of com¬ 
plete K-tameness of the pseudovariety R should apply to DA. Yet the highly 
technical proof in [ 6 ] remains to be adapted as only part of such a program 
has been carried out [I8l[l9]. 

Further examples of pseudovarieties for which one may apply Corollar¬ 
ies 14.21 and 14.41 are recorded in the following corollaries. 

Corollary 4.6. The pseudovariety DO is K-reducible for both pointlike and 
idempotent pointlike sets. 

Proof. To apply Corollaries 14.2l and l4. 41 one just needs to observe that DO C 
S = G and G is graph K-reducible by [H Theorem 4.9], which depends on 
Ash’s seminal results m- □ 

Denote by Ab the pseudovariety of all finite Abelian groups. 

Corollary 4.7. The pseudovariety DOfl Ab is n-reducible for both pointlike 
and idempotent pointlike sets. 

Proof. The proof is similar to that of Corollary 14.61 taking into account that 
in fact the pseudovariety Ab is K-reducible for arbitrary hnite systems of 
equations [8] and, thus, in particular, it is graph K-reducible. □ 

For a prime p, denote by Gp the pseudovariety of all hnite p-groups. While 
Gp is not graph K-reducible, as was observed in [9], the hrst author has con¬ 
structed a signature a containing k and such that Gp is graph fi-reducible [1]. 
The proof of this result depends on an earlier weaker result of Steinberg [23] . 

Corollary 4.8. The pseudovariety DO fl Gp is a-reducible for both pointlike 
and idempotent pointlike sets, where a is the implicit signature constructed 
TO | 3 |. □ 


10 


J. ALMEIDA, J. C. COSTA, AND M. ZEITOUN 


Acknowledgments 

Work partly supported by the Pessoa French-Portuguese project “Sep¬ 
aration in automata theory: algebraic, logical, and combinatorial aspects”. 
The work of the first author was also partially supported by CMUP 
(UID/MAT/00144/2013), which is funded by FCT (Portugal) with national 
(MFC) and European structural funds through the programs FEDER, under 
the partnership agreement PT2020. The work of the second author was also 
partially supported by the European Regional Development Fund, through 
the program COMPETE, and by the Portuguese Government through FCT 
under the project PEst-OE/MAT/UI0013/2014. The work of the third au¬ 
thor was partly supported by ANR 2010 BLAN 0202 01 FREC. 


References 

1. J. Almeida, Finite semigroups and universal algebra, World Scientific, Singapore, 1995. 

2. _, A syntactieal proof of locality of DA, Int. J. Algebra Comput. 6 (1996), 165- 

177. 

3. _, Some algorithmic problems for pseudovarieties, Publ. Math. Debrecen 54 

Suppl. (1999), 531-552. 

4. _, Dynamics of implicit operations and tameness of pseudovarieties of groups, 

Trans. Amer. Math. Soc. 354 (2002), 387-411. 

5. J. Almeida, J. C. Costa, and M. Zeitoun, Tameness of pseudovariety joins involving 
R, Monatsh. Math. 146 (2005), 89-111. 

6. _, Complete reducibility of systems of equations with respect to R, Portugal. 

Math. 64 (2007), 445-508. 

7. _, Pointlike sets with respect to R and J, J. Pure Appl. Algebra 212 (2008), 

486-499. 

8. J. Almeida and M. Delgado, Sur certains systemes d’equations avec contraintes dans 
un groupe libre — addenda, Portugal. Math. 58 (2001), no. 4, 379-387. 

9. J. Almeida and B. Steinberg, On the decidability of iterated semidirect products and 
applications to complexity, Proc. London Math. Soc. 80 (2000), 50-74. 

10. _, Syntactic and global semigroup theory, a synthesis approach. Algorithmic 

Problems in Groups and Semigroups (J. C. Birget, S. W. Margolis, J. Meakin, and 
M. V. Sapir, eds.), Birkhauser, 2000, pp. 1-23. 

11. C. J. Ash, Inevitable graphs: a proof of the type II conjecture and some related decision 
procedures, Int. J. Algebra Comput. 1 (1991), 127-146. 

12. K. Henckell, Pointlike sets: the finest aperiodic cover of a finite semigroup, J. Pure 
Appl. Algebra 55 (1988), no. 1-2, 85-126. 

13. _, Idempotent pointlike sets, Int. J. Algebra Comput. 14 (2004), 703-717, Inter¬ 

national Conference on Semigroups and Groups in honor of the 65th birthday of Prof. 
John Rhodes. 

14. K. Henckell, S. W. Margolis, J.-E. Pin, and J. Rhodes, Ash’s type II theorem, profinite 
topology and Mal’cev products. I, Int. J. Algebra Comput. 1 (1991), no. 4, 411-436. 

15. K. Henckell and J. Rhodes, The theorem of Knast, the PG=BG and Type II Conjec¬ 
tures, Monoids and Semigroups with Applications (Singapore) (J. Rhodes, ed.). World 
Scientific, 1991, pp. 453-463. 

16. K. Henckell, J. Rhodes, and B. Steinberg, Aperiodic pointlikes and beyond, Int. J. 
Algebra Comput. 20 (2010), no. 2, 287-305. 

17. K. Henckell, J. Rhodes, and B. Steinberg, A profinite approach to stable pairs, Int. J. 
Algebra Comput. 20 (2010), 269-285. 



REDUCIBILITY OF POINTLIKE PROBLEMS 


11 


18. A. Moura, Representations of the free profinite object over DA, Int. J. Algebra Comput. 
(2011), 675-701. 

19. _, The word problem for u)-terms over DA, Theor. Comp. Sci. (2011), 6556-6569. 

20. J.-E. Pin, BG=PG: A success story. Semigroups, Formal Languages and Groups (Dor¬ 
drecht) (J. Fountain, ed.), vol. 466, Kluwer, 1995, pp. 33-47. 

21. T. Place, L. van Rooijen, and M. Zeitoun, Separating regular languages by piecewise 
testable and unambiguous languages, MFCST3, Lect. Notes Comp. Sci., vol. 8087, 
Springer, 2013, pp. 729-740. 

22. Thomas Place and Marc Zeitoun, Separating regular languages with first-order logic. 
Proceedings of the Joint Meeting of the 23rd EACSL Annual Conference on Computer 
Science Logic (CSLT4) and the 29th Annual ACM/IEEE Symposium on Logic in 
Computer Science (LICST4) (New York, NY, USA), ACM, 2014, pp. 75:1-75:10. 

23. J. Rhodes and B. Steinberg, The q-theory of finite semigroups. Springer Monographs 
in Mathematics, Springer, 2009. 

24. B. Steinberg, Inevitable graphs and profinite topologies: some solutions to algorithmic 
problems in monoid and automata theory, stemming from group theory, Int. J. Algebra 
Comput. 11 (2001), 25-71. 

(J. Almeida) Centro de Matematica e Departamento de Matematica Pura, 
Faculdade de Ciencias, Universidade do Porto, Rua do Campo Alegre, 687, 
4169-007 Porto, Portugal, jalmeida@fg.up.pt 

(J. C. Costa) Centro de Matematiga e Departamento de Matematiga e Apli- 
GAgoES, Universidade do Minho, Campus de Gualtar, 4700-320 Braga, Portu¬ 
gal. jgosta@math.uminho.pt 

(M. Zeitoun) LaBRI, Universite de Bordeaux & GNRS UMR 5800. 351 gours 
DE LA Liberation, 33405 Talence Cedex, France, mz@labri.fr 



